Abstract
I. Introduction
In this work, we deal with the following control-affine system:
where v(t) is a real valued control, A is the infinitesimal generator of a linear C 0 −semigroup of contractions S 0 (t) on a real Hilbert space H with inner product and corresponding norm denoted respectively by ·, · and · , so that A is dissipative, i.e. Az, z ≤ 0, for all z ∈ D(A). Here B is a (possibly) nonlinear operator from H to H such that B(0) = 0, so that 0 is an equilibrium for (1) . An important special case of (1) is when B is a bounded linear operator. There are numerous real-world problems that can be represented by the system (1). They include applications in nuclear, thermal, chemical, social processes, etc.. (see [4, 8, 23, 24, 31] ). Feedback stabilization of systems affine in control has been investigated by numerous authors using various control approaches, such as quadratic control laws, sliding mode control, piecewise constant feedback and optimal control laws (see [2, 3, 4, 8, 10, 20, 34, 37, 41] ). The most popular feedback control for stabilization problem of system (1) is given by:
In [4] , it has been shown that under the condition:
BS 0 (t)y, S 0 (t)y = 0, ∀t ≥ 0 =⇒ y = 0, (3) the quadratic feedback (2) weakly stabilizes the system (1) provided that B is sequentially continuous from H w (H endowed with the weak topology) to H. Moreover, under the assumption
for some constant T, δ > 0, a strong stabilization result has been obtained using the control (2) (see [7, 32] ). However, in this way the convergence of the resulting closed loop state is not better than z(t) = O( 1 √ t ). The problem of exponential stabilization of the system (1) has been considered in [11, 34, 36] with the following bounded feedback v(t) = −ρ z(t), Bz(t) z(t) 2 1 {t≥0; z(t) =0} , (5) where ρ > 0 is the gain control. Moreover, under the assumption (4), the exponential stabilization of (1) has been studied in [37] using the switching control w(t) = −ρ sign( z(t), Bz(t) ), ρ > 0. (6) In the case of parabolic like bilinear systems, one may investigate the relation between the stability of a distributed parameter system and that of a finite-dimensional one. This idea has been used via a decomposition of the state space according to spectral properties of the considered system (see [33, 35] ). Among control laws that present more advantages in theory and application, we mention constant controls (see [1, 2, 22, 29, 30, 42] ). Indeed, such a control is simple to implement, since it does not require the knowledge of the system's state. Another important point is that this control does not depend on the initial state, so it can be applied to stabilization problem with a priori constraint on the control. In the finite dimensional case, various necessary and sufficient conditions for the stabilization of system (1) by constant controls have been formulated in terms of Lyapunov functions (see e.g., [1, 2, 22, 42] ). In [2] it has been proved that every constant stabilizable bilinear system (1) admits a quadratic Lyapunov function. Conversely, it has been shown in [42] that system (1) is constant stabilizable if a quadratic control Lyapunov function V(z) = z T Pz exists and all the eigenvalues of the symmetric matrix PB + B T P have the same sign. In [22] , it has been showed that system (1) is constant stabilizable if the real parts of the eigenvalues of B have all the same sign. In [1] , eigenvalues of B are allowed to have real parts with opposite sign, provided that some local estimations of extremum of the quadratic forms q 1 (z) = z T PAz and q 2 (z) = z T PBz are available. In [30] , the problem of constant stabilization has been considered by using the analysis of the Lie algebra. In the context of infinitedimensional control-affine system, the authors in [29] gave sufficient conditions for constant exponential stabilization when A is skew adjoint and B is a bounded linear operator. They also formulated necessaries conditions when, in addition, B is self adjoint and dissipative. The aim of this paper is to provide necessary and sufficient conditions for constant exponential stabilizability of finite and infinite dimensional systems that can be described by the system (1). The paper is organized as follows : In the second section, we provide sufficient conditions for exponential stabilization of system (1) with constant controls. In the third section, we give necessary and sufficient conditions for uniform exponential stabilization by means of constant controls. In the fourth section, we examine the finite dimensional case, and we give applications to some class of infinite dimensional systems. The question of robustness is discussed in the fifth section. Finally, the sixth section is devoted to some applications.
II. Sufficient conditions for exponential stabilization
Let us recall the following definition of exponential stabilization of system (1) [2, 43] : 
and since Bz, z ≥ 0, for all z ∈ H, the solution z(t) is global (see [38] 
(10) This implies that:
From (9) and (11) , it comes 
(13) Based on this expression and using (12) , we obtain
which gives after integration
Taking S λ (t)z 0 instead of z 0 in this last inequality, we can see by using (4) and the superposition property of the semigroup S λ (t) that for all t ≥ 0, we have:
2 . It follows from (10) that for all k ∈ IN, we have:
This inequality, together with (14) , gives :
where
It follows that
Remark 5 1. The result of the above theorem remains true when B is dissipative, provided that the control (8) is replaced by v(t)
= λ > 0.
Note that if B is linear, then the estimate of
Theorem 3 holds for all initial state z 0 ∈ H.
III. Uniform exponential stabilization
i. Sufficient conditions for uniform exponential stabilization
The following theorem provides sufficient conditions for uniform exponential stabilization with constant controls. 
contractions on H, and let B be a Lipschitz operator such that:
where L denotes a Lipschitz constant of B. It follows from (9) and (19) that for all t ∈ [0, T], (19) and (20), we obtain from (13) 
It follows from this last inequality and (16) that for
(21) Then, the remaining part of the proof is similar to the one performed for Theorem 3. As a consequence we obtain the estimate (18) 
Remark 8 1. If the system (1) is subject to the
control constraint |v(t)| ≤ v max , then one may choose the constant control (17) such that λ ∈ (0, min(λ max , v max )).
It is easily verified, from the expression of σ, that the best value of the rate of exponential
convergence σ corresponds to v(t) = − δ 2TK . (3) 
Unlike the non constant controls, the weak assumption
3 , as T → +∞. However, the system is not constant stabilizable, since for all λ ∈ R, we have:
ii. Necessary conditions for uniform exponential stabilization
In the following theorem, we give a necessary condition for uniform exponential stabilizability of (1) 
Proof 10 Let v(t) = −λ, λ ∈ I R + be an uniformly exponentially stabilizing control for (1) , and let M ≥ 1, σ > 0 be such that the corresponding mild solution z(t) = S λ (t)z 0 of (1) satisfies the estimate (18) . Since S 0 (t) is of isometries, we have Az, z = 0, for all z ∈ D(A). Then, using a density argument, we show as for (10) that for all T > 0 and all z 0 ∈ H we have:
(23) Now, remarking that for z 0 = 0, we have z(t) = 0, ∀t ≥ 0; we can suppose, in the remainder of the proof, that z 0 = 0. Using the fact that S λ (t)z 0 → 0, as t → +∞, it comes from (23) 
The estimate (18) together with (23) , gives
for T > ln(M) σ . From the variation of constant formula, we have
Then the Gronwall inequality [13] yields, for t ∈ [0, T],
This inequality, together with (24), implies
|λ|T B e |λ|T B −1 . (22) iii. Bilinear systems: Necessary conditions revisited
Remark 11 1. The inequality
In this subsection, we deal with bilinear systems and we will see that, for this class of systems, the observability assumption (16) is necessary for uniform exponential stabilizability with constant controls. Note that in the case where B ∈ L(H) is self-adjoint and positive, the inequalities (4), (16) and (22) are equivalent to the following one :
which means that the system :φ(t) = Aφ(t), augmented with the output : [43] ).
In the next result, we will show that the assumption (16) is necessary for uniform exponential stabilization of conservative bilinear systems. [19] .
Theorem 12

IV. Finite-dimensional systems
In this subsection, the system (1) is considered in the Euclidean space H = R n (with the conventional inner product) and A is a matrix satisfying the following LMI (linear matrix inequality):
for some matrix P = P T > 0 : In the next result, we study the constant stabilization of a finite-dimensional bilinear system under an algebraic assumption. Let matrices A and B be such that : there exists a non-empty set Ω ⊂ R n − {0}, which complement Ω c with the following algebraic property : for each y ∈ Ω, there exists k ∈ N such that span{Ay, ad The algebraic assumption (30) is equivalent to the following temporal version (see [20, 41] ) :
where ·, · is an inner product in H = R n . We also have the following lemma that gives link between (3) and (4) in the context of finite dimensional state spaces. (4) From the above discussion, we can formulate the following result which is a consequence of Theorem 15 and Lemma 17:
Lemma 17 Let A, B ∈ L(H). If dim H < ∞, then the assumptions (3) and (4) are equivalent.
Proof 18 It is clear that (4) ⇒ (3). Suppose that (3) holds, and assume by contradiction that
Corollary 20 Let B ∈ L(H). 1) Let (27) and (30) (29) holds. Then the condition (30) is necessary for exponential stabilization of (1) with a constant control.
V. Robustness
In this subsection, we discuss the robustness of the controller (17) with respect to perturbations of the parameters A and B of (1). More precisely, we will exhibit a class of admissible perturbations of the system (1) that leave its uniform exponential stability by the control (17) unaffected.
i. The case of nonlinear control operator
Let us reconsider the system (1) with a nonlinear control operator B, and let us consider the perturbed system :
where a : H → H is a linear bounded operator, which represents a perturbation of (1) on its dynamic A.
We consider the following set of linear perturbations :
In the sequel, for any operator, N : H → H, which is Lipschitz and vanishes at 0, we set 
Theorem 21
Then we have
where α(t) is a scalar valued function, which is such that
Then, it follows from (16) 
Applying Theorem 6, we have exponential stabilization with any constant control (17) 
). Let us show that (17) is a common stabilizing control for all perturbed systems (32) . Remarking that in the proof of Theorem 6 the constants η i , i = 1, 2 do not depend on δ, we can see that it suffices to look for a r > 0 for which:
By a simple computation, we can check that this implication is satisfied for r
, and this completes the proof.
Let us now consider the problem of robustness associated to perturbations acting, jointly, on the dynamic and the operator of control. Consider the perturbed system :
where a ∈ L(H) and b : H → H is a Lipschitz operator such that b(0) = 0, so that 0 remains an equilibrium of (34) . Let us introduce the following set of nonlinear perturbations : P N = {n : H → H; n is Lipschitz and n(0) = 0}.
Theorem 23 Let assumptions of Theorem 6 hold.
Then the control (17) is robust under any perturba-
Proof 24 Let (a, b) ∈ P L × P N , and let S a (t) denote the semigroup generated by the operator A + a. Since S a (t) is of contractions, we have from (33) 
Thus, as in the proof of Theorem 21, we should consider the following inequality P(X)
ii. The case of linear control operator
Here, we reconsider the bilinear case. Let us consider the following perturbed system
where n : H → H is a (possibly) nonlinear operator. Let us also consider the perturbed system on A and B : 
where S λ (t) is the linear semigroup generated by A − λB. Since a is Lipschitz and a(0) = 0, the Gronwall inequality yields (22) is impossible (see e.g. [4, 34] 
where Ω == (0, ∞), Q = (0, ∞) 2 and B ∈ L(H). Here, we take
The operator A generates the semigroup of contractions S 0 (t), t ≥ 0 defined, for all z 0 ∈ H, by (see e.g. [39] )
We will establish (16) for T = 3. We have
which implies (16) . This example shows that (16) 
Example 30 Wave equation
Let Ω denote a bounded open subset of I R n , n ≥ 1 with C ∞ boundary ∂Ω, let Q = Ω × (0, +∞) and Σ = ∂Ω × (0, +∞), and consider the following boundary value problem for the wave equation : [9, 12, 15, 17, 18, 27] and the references therein). The system (38) has the form of equation (1) if we set
and v(t) is the multiplicative control v(t). When v(t) = 1, this problem has been investigated extensively under the assumption that the norm of the indefinite damping operator is small enough (see
.
Here, we consider the Hilbert state space 
for some C > 0, where ϕ is the solution of the uncontrolled wave equation
Moreover, a necessary condition for constant uniform exponential stabilization of system (38) is given by : 
We have
Then it follows from Cauchy-Schwartz inequality that
Thus, the estimate (39) holds if the following one is satisfied : [6, 25] (41) 
VII. Conclusion
This paper studied exponential stabilization of control-affine systems using constant controls. The main assumptions of necessity and sufficiency are formulated in terms of observability like estimates. As an important subclass of control-affine systems, the class of bilinear systems with bounded control operators. However, the modelization can give rise to the unboundedness aspect of the operator of control. This is the case of systems with boundary or pointwise controls. The stabilization problem of unbounded bilinear systems has been considered in [10, 16] using nonlinear feedback controls. Now, a natural question is to ask whether an unbounded bilinear system can be stabilized by means of a constant control.
